Abstract. The mantle is the intersection of all ground models of V . We show that if there exists an extendible cardinal then the mantle is the smallest ground model of V .
Introduction
Let us say that an inner model W of ZFC is a ground if the universe V is a set-forcing extension of W . The set-theoretic geology, initiated by Fuchs-HamkinsReitz [1] , is a study of the structure of all grounds of V . An important object in the set-theoretic geology is the mantle: Definition 1.1. The mantle M is the intersection of all grounds of V .
It is known that the mantle is a transitive, definable, forcing-invariant model of ZFC ( [1] , Usuba [7] ). The mantle itself needs not to be a ground of V , but if the mantle is a ground of V then it is the smallest ground. In [1] , they asked the following question: Under what circumstances is the mantle also a ground model of the universe? For this question, Usuba answered if some very large cardinal exists then the mantle must be a ground: An uncountable cardinal κ is hyper-huge if for every cardinal λ ≥ κ, there is an elementary embedding j : V → M for some inner model M such that the critical point of j is κ, λ < j(κ), and M is closed under j(λ)-sequences.
In this paper we prove that the hyper-huge cardinal assumption can be weakened to the extendible cardinal assumption. Recall that an uncountable cardinal κ is extendible if for every ordinal α ≥ κ, there exists β > α and an elementary embedding j : V α → V β such that the critical point of j is κ and α < j(κ). Every hyper-huge cardinal is an extendible cardinal limit of extendible cardinals. Theorem 1.3. Suppose there exists an extendible cardinal. Then the mantle is a ground of V . In fact if κ is extendible then the κ-mantle of V is its smallest ground (The κ-mantle will be defined in Definition 2.6 below).
Some materials
Let's recall some basic definitions and facts about the set-theoretic geology. See [1] for more information. [5] ). There is a formula ϕ(x, y) of set-theory such that:
(1) For every r, the class W r = {x | ϕ(x, r)} is a ground of V with r ∈ W r . (2) For every ground W of V , there is r with W = W r .
It turned out that all grounds are downward set-directed: (1) M satisfies the κ-covering property for V if for every set x of ordinals, if |x| < κ then there is y ∈ M with x ⊆ y and |y| < κ. (2) M satisfies the κ-approximation property for V if for every set A of ordinals, if A ∩ x ∈ M for every set x ∈ M with size < κ, then A ∈ M. 
Fact 2.5 ([2]). Let κ be a regular uncountable cardinal, and P a poset of size
Let us make some definition and observations. Definition 2.6. Let κ be a cardinal. A ground W of V is a κ-ground if there is a poset P ∈ W of size < κ and a (W,
The κ-mantle is the intersection of all κ-grounds.
The κ-mantle is a definable, transitive, and extensional class. It is trivially consistent that the κ-mantle is a model of ZFC, and we can prove that if κ is strong limit, then the κ-mantle must be a model of ZF. A sketch of the proof is as follows. First we show that all κ-grounds are downward-directed. For any two κ-grounds W 0 and W 1 , since κ is a limit cardinal, there is a regular cardinal λ < κ such that W 0 and W 1 are λ-grounds. Then V is a λ-c.c. forcing extension of both W 0 and W 1 . By the proof of Fact 2.2 (see [7] ), we can find a ground [6] ), so W is a κ-ground of V as well. The downward-directedness of the κ-grounds implies that the κ-mantle is absolute between all κ-grounds, so the κ-mantle of V is definable in all κ-grounds. Now, by Lemma 21 in [1] , the κ-mantle is a model of ZF.
However we do not know whether the κ-mantle is always a model of ZFC.
Question 2.7. For a given cardinal κ, is the κ-mantle always a model of ZFC?
By Facts 2.4 and 2.5, if W is a κ-ground of V , then W is completely determined by the set P = P(κ) ∩ W , that is, W is a unique ground
W ′ , and W ′ satisfies the κ-covering and the κ-approximation properties. This means that there are at most 2 2 κ many κ-grounds of V , hence there is a set X of size ≤ 2 2 κ such that the collection {W r | r ∈ X} is the κ-grounds. We have the following by the combination of this observation and Fact 2. For a class C ⊆ V and an ordinal α, let C α = C ∩ V α , the set of all elements of C with rank < α.
Lemma 2.9. Let κ be a cardinal and W the κ-mantle of V . For an inaccessible
θ > κ, let W V θ be the κ-mantle of V θ , that is, W V θ is the intersection of all κ- grounds of V θ . (1) If θ is inaccessible > κ and W ⊆ V is a κ-ground of V , then W θ is a κ-ground of V θ . (2) W V θ ⊆ W θ for every inaccessible θ > κ.
(3) Suppose there are proper class many inaccessible cardinals. Then there is α > κ such that for every inaccessible cardinal θ > α, we have
W V θ = W θ .
Proof. (1) is easy, and (2) easily follows from (1). (3). Suppose not. Then, by (2), the family
Fact 2.5, M θ has the κ-covering and the κ-approximation properties for V θ , and
Since C is a proper class, there are a poset P ∈ V κ , a filter G ⊆ P, and P ⊆ P(κ) such that the family C ′ = {θ ∈ C | M θ ∩ P(κ) = P , P θ = P, G θ = G} forms a proper class. Take θ 0 , θ 1 from C ′ with θ 0 < θ 1 . Then (M θ 1 ) θ 0 is a model of ZFC, and (M θ 1 ) θ 0 ⊆ V θ 0 has the κ-covering and the κ-approximation properties for V θ 0 . By applying Fact 2.4, we have (
θ is transitive, closed under the Gödel's operations, and almost universal, hence M is a model of ZFC (see e.g. Theorem 13.9 in Jech [3] ).
θ for every θ ∈ C ′ , this is a contradiction.
The proof
We start the proof of Theorem 1.3.
Proof. Let W be the κ-mantle of V . We prove that W is the mantle of V , this provides Theorem 1.3; By Lemma 2.8, there is a ground W with W ⊆ W . Clearly
If not, by Lemma 2.8, there is a ground W of V with W W . Fix a large inaccessible cardinal λ > κ such that W is a λ-ground of V and W λ W λ . W λ and V λ are transitive models of ZFC. By Lemma 2.9, we can find an inaccessible θ > λ such that
Take an elementary embedding j : V θ+1 → V j(θ)+1 such that the critical point of j is κ and θ < j(κ). j(θ) is inaccessible, so V j(θ) and W j(θ) are transitive models of ZFC. By the elementarity of j, the set j(
Fix a sequence S = S α | α < λ ∈ W of pairwise disjoint sets such that each S α is a stationary subset of λ∩Cof(ω)
. By a well-known argument by Solovay, we have that j"λ = {α < sup(j"λ) | S * α ∩ sup(j"λ) is stationary in sup(j"λ)} (e.g., see Theorem 14 in Woodin-DavisRodorigues [8] ).
V j(θ) is a λ-c.c. forcing extension of W j(θ) . Hence for each set S ⊆ sup(j"λ) with S ∈ W j(θ) , the stationarity of S is absolute between V j(θ) and W j(θ) . This means that for every α < sup(j"λ), we have that α ∈ j"λ if and only if S * α ∩ sup(j"λ) is stationary in sup(j"λ) in W j(θ) . Thus we have j"λ ∈ W j(θ) .
Finally we claim that W λ = W λ , which yields the contradiction. The inclusion W λ ⊆ W λ is trivial. For the converse, we shall prove W α ⊆ W α by induction on α < λ. Since the critical point of j is κ, we have j(
, we have W κ ⊆ W κ . Take α with κ ≤ α < λ, and suppose
We know W α = W α ∈ W λ and W λ is a model of ZFC, hence there is γ ∈ W λ and a bijection f :
Let π ∈ W j(θ) be the collapsing map of j"W α . Then π"(j"W α ) = W α , and X = π"(j"X) ∈ W j(θ) , so we have X ∈ W α+1 .
We conclude this paper by asking the following natural question: This question is equivalent to the destructibility of extendible cardinals by nonsmall forcings: Question 3.3. Let κ be a cardinal, and P a poset such that for every p ∈ P, the suborder {q ∈ P | q ≤ p} is not forcing equivalent to a poset of size < κ. Does P necessarily force that "κ is not extendible"?
The referee pointed out that this question might be related to the following result. See Sargsyan-Schindler [6] for the definitions. 
